Based on the Bogoliubov-de Gennes equations, we provide an exact numerical solution for the critical current of Josephson junctions with a composite ferromagnetic bilayer. We demonstrate that for the anti-parallel orientation of the magnetic moments of the bilayer, the presence of a potential barrier at the bilayer interface results in large oscillations of the critical current as a function of ferromagnet thickness and/or exchange field. Because of this, and remarkably, in the range of small exchange field and thicknesses the magnetism leads to the increase of the critical current. This effect is well pronounced at low temperature but disappears near Tc. If the potential barrier is replaced by a spin-active barrier at the bilayer interface the conventional 0-π transition, similar to the case of an uniform ferromagnetic Josephson junction, is observed. Strikingly, for a parallel orientation of the magnetic moments of the bilayer, the presence of the spin-active barrier restores the anomalous behavior-potential barrier in the anti-parallel case. These behaviors result from the resonant tunnelling of Cooper pairs across the composite barrier-an effect related to the spin-dependent of Fermi vector in the presence of the ferromagnets' exchange field.
I. INTRODUCTION
In recent years the superconductor (S)-ferromagnet (F) systems attracted a lot of attention due to the possibility to fabricate the new devices based on the superconducting spintronics [1] [2] [3] [4] [5] . The properties of different S/F systems may be rather well qualitatively understood in the framework of quasiclassical Eilenberger 6 and Usadel 7 approaches. However, the applicability of these methods assumes that the exchange field h in the ferromagnet should be much smaller than the Fermi energy h ≪ E F and the use of the Usadel equations implies even more restrictive conditions hτ ≪ 1, where τ is the electrons scattering time. These circumstances lead to the fact that some subtle qualitative effects may be missed by the quasiclassical approach, see for example [8] [9] [10] . Moreover, a lot of experimental activities with the S/F heterostructures deal with the strong ferromagnets (or even halfmetals [11] [12] [13] ) for which the quasiclassical approximation cannot provide an adequate quantitative description.
The alternative approach for the analysis of proximity effects in strong ferromagnets is the use of the microscopical approach on the basis of the Bogoliubov-de Gennes (BdG) equations 14 . The exact numerical solutions of these equations may provide an additional information to the quasiclassical approach and this method was used in [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] and references cited therein. Recently the interesting experimental results were obtained for the Josephson junctions containing a ferromagnetic spin valve [26] [27] [28] [29] [30] [31] [32] . Taking in mind these experiments in the present work we study the SFS junctions with composite F layer consisting of two parallel or antiparallel ferromagnetic layers separated by either a potential or a spin-active barrier. Note that previously the Josephson junctions with ferromagnetic bilayers were studied theoretically by different methods [15] [16] [17] [18] [19] [33] [34] [35] [36] [37] [38] [39] [40] . However, most of the theoretical analysis was made in the framework of the quasiclassical approach, while in the present work we discuss some effects which can not be found by this approach and has not been discussed before. We have calculated the critical current of the Josephson junctions with a composite (spin-valve) F 1 F 2 interlayer and studied the role of the potential and spin-active barrier at F 1 /F 2 interface. The obtained results show an anomalous behavior of the critical current as a function the exchange filed and/or F layer thickness which is very sensitive to the type of the barrier at the F 1 /F 2 interface.
II. MODEL AND FORMULA
The considered SF 1 F 2 S Josephson junction with a central potential or spin-active barrier is shown schematically in Fig. 1 . The x axis is chosen to be perpendicular to the layer interfaces with the origin located at the central F 1 /F 2 interface. The BCS mean-field effective Hamiltonian is 2, 14 
where
represent creation and annihilation operators with spin α. σ 0 denotes 2 × 2 unit matrix, and σ = (σ x ,σ y ,σ z ) is the vector of Pauli matrices. Here m denotes the effective mass of the quasiparticles in both the superconductors and the ferromagnets and E F is the Fermi energy. We assume equal Fermi energies in the different regions of the junction. The superconducting gap is supposed to be constant in the superconducting leads and absent inside the ferromagnetic region:
where ∆ is the magnitude of the gap, and φ is the phase difference between the two superconducting leads. This approximation is justified when, for example, the width of the superconducting layers is much larger than the width of F layers. We model the central F 1 /F 2 interface by a δ function potential barrier which consists of a spinindependent part U = V 0 δ(x) and a spin-active part ρ = (ρ x , ρ y , ρ z )δ(x). The exchange field in two ferromagnetic layers is parallel or anti-parallel to the z axis. It has the form
whereẑ is the unit vector along the z axis.
To diagonalize the effective Hamiltonian, we use the Bogoliubov transformationψ α (r) = n [u nα (r)γ n + v * nα (r)γ † n ] and take into account the anticommutation relations of the quasiparticle annihilation operatorγ n and creation operatorγ † n . Using the presentation u nα (r) = u α p e ipx , v nα (r) = v α p e ipx , the resulting Bogoliubov-de Gennes (BdG) equations can be expressed as 14
Here ξ p =
T are quasiparticle and quasihole wave functions, respectively.
The BdG equation (4) can be solved for each superconducting electrode and each ferromagnetic layer, respectively. For a given energy ǫ in the superconducting gap, we find the following plane-wave solutions in the left superconducting electrode
are the longitudinal components of the wave vectors for quasiparticles in the both superconductors.
The corresponding wave function in the right superconducting electrode can be described by
whereê 1 = (1 0 0 0) T ,ê 2 = (0 1 0 0) T , e 3 = (0 0 1 0) T , andê 4 = (0 0 0 1) T are basis wave functions in the ferromagnetic region, and
components of the wave vectors for the quasiparticles in the F 1 layer. The corresponding wave function ψ F2 (x) in the F 2 layer can be obtained from Eq. (7) by replacement h 1 → h 2 . It is worthy to note that the parallel component k is conserved in transport processes of the quasiparticles.
and their first derivatives should satisfy the boundary conditions at the S/F 1 , F 1 /F 2 , and F 2 /S in-terfaces,
We define the dimensionless spin-independent parameter Z = 2mV 0 /( 2 k F ) measuring the strength of the potential barrier and the dimensionless spin-dependent parameter P x,y,z = 2mρ x,y,z /( 2 k F ) describing the spin-active barrier at the F 1 /F 2 interface. For simplicity, we just consider the effect of y-component P y and ignore the role of x-and y-components (P x and P z ). From these boundary conditions, we can set up 24 linear equations in the following form:
where X contains 24 scattering coefficients andÂ is a 24 × 24 matrix. The solution of the characteristic equation detÂ = 0 (13) allows one to identify two Andreev bound-state solutions for energies E Aω (ω=1, 2). Below we will consider the case of the short Josephson junction with a thickness much smaller than the superconducting coherence length ξ. In such a case the main contribution to the Josephson current is provided by the Andreev bound states (see e.g. 41, 42 ). In a one-dimensional (1D) SF 1 F 2 S junction, the Josephson current can be calculated by the general formula
where Ω is the phase-dependent thermodynamic potential. This potential can be obtained from the excitation spectrum by using the formula 43,44
where ∆, h 1 , h 2 , Z and P y are assumed to be the equilibrium values, which minimize the free energy of the SF 1 F 2 S structure and depend on microscopic parameters 45 . The summation in (15) is taken over all positive Andreev
For each value of φ, we solve Eq. (13) numerically to obtain the two spin-polarized Andreev levels. Since the Andreev energy spectra are doubled as they include the Bogoliubov redundancy, and only half of the energy states should be taken into account, we can find the 1D Josephson current via Eqs. (14) and (15) .
In a three-dimensional (3D) case, the Josephson current can be expressed as following form
III. RESULTS AND DISCUSSIONS
In our calculations, we use the superconducting gap ∆ as a unit of energy and take the Fermi energy E F = 1000∆. All lengths and the exchange field strengths are measured in units of the inverse Fermi wave vector k F and the Fermi energy E F , respectively. Note that the approximation of the short Josephson junction (k F d 1 , k F d 2 ≪ 1000) is fully satisfied in the presented calculations. The normalized unit of current is I 0 = 2π∆/(eR N ) in the 3D case. We study the SF 1 F 2 S structures with a potential barrier Z or a spin-active barrier P y at the F 1 /F 2 interface. We present the results for h 1 = h 2 = h for parallel exchange field and h 1 = −h 2 = h for anti-parallel exchange field, and define the ferromgnetic thickness
We draw in Fig. 2 the dependence of the critical current I 3d c on the ferromagnetic thickness k F d and the exchange field h/E F for an anti-parallel alignment of the magnetic moment h 1 = −h 2 = h when the potential barrier Z takes several different values. It is shown that the critical current decreases monotonically with the increasing exchange field for the transparent F 1 /F 2 interface Z = 0, while it reveals the oscillating behavior for Z > 0. By increasing Z, the amplitude of the critical current decreases as a whole, but the oscillation behaviour still remains. The critical current shows the same characteristic if one increases the ferromagnetic thickness k F d. These features indicate that the oscillation of the critical current originates from the resonant tunneling of the Cooper pairs occurring between the F 1 and F 2 layers. In fact the spin-dependent wave vector of the pairing elec- trons will change when the Cooper pairs pass through the F 1 and F 2 layer, and therefore the phase evolution of the Cooper pairs leads to the resonances occurring in F 1 and F 2 . Therefore, the oscillation period depends on the exchange field and/or thickness of the ferromagnets, not on the properties of the central insulating barrier. If one changes the exchange field h/E F and thickness k F d of the ferromagnetic layers, the oscillation period of the critical current changes accordingly. The calculation results are illustrated in Fig. 3 . The observed oscillations remind the oscillations observed previously in 19 for the 1D model of junction with non-collinear magnetization and attributed to the geometrical resonances. The interesting consequence of the presence of barrier is the counter-intuitive increase of the critical current with increasing exchange field [up to h max /E F ∼ 0.12 when k F d = 10, see Fig. 3(b) ] or ferromagnetic layer thickness [up to k F d max ∼ 24 when h/E F = 0.05, see Fig. 3(a) ]. Note that the similar increase of the current with the exchange field was obtained in the models of S/F tunnel structures [35] [36] [37] . The key difference between our results and Refs. [35] [36] [37] is that the initial increase was not followed by the oscillatory behavior of the critical current with exchange field and/or ferromagnetic layer thickness. We find also that the growth range of the critical current with the exchange field strongly depends on the ferromagnetic layer thicknesses. Moreover, note that in presence of a potential barrier the critical current slightly increases with normal-metal thickness when the both ferromagnets become the normal-metal (h/E F = 0) [see Fig. 3(a) ]. This circumstance reflects the presence of some resonance effects in this case too. It should be noted that the oscillatory effect mentioned above is revealed only at low temperatures. The dependence of the critical current on the temperature is illustrated in Fig. 4 . We see that the oscillations of the critical current I 3d c will decrease as the temperature T /∆ increases, which should be related with the smearing of the resonance tunneling from the lowest Andreev levels. When T /∆ reaches 0.9, the oscillation completely disappears and I 3d c decreases monotonously.
In Fig. 5 , we show the variation characteristics of the critical current in SF 1 F 2 S structure with the magnetic moment in F 1 and F 2 being parallel and with a spinactive barrier at the F 1 /F 2 interface. It is found that the critical current also displays an oscillating behavior. The behavior is similar to the cases in which the magnetic moments are anti-parallel and there is a potential barrier at the F 1 /F 2 interface. So we can say that the spin-active barrier at the F 1 /F 2 interface can play two roles: (i) it creates a spin-flip effect to flip the spin of the conduction electrons crossing the F 1 /F 2 interface. The two ferromagnets have the same energy band because of the parallel polarized direction of the magnetic moments. In such case, spin-↑ (↓) electrons will be transformed into spin-↓ (↑) electrons when they pass from the F 1 layer into the F 2 layer. The same electron will occupy the opposite spin band in the F 1 and F 2 layers. This situation is similar to the anti-parallel ferromagnets without the spin-flip in the central interface. (ii) it acts as a potential barrier, which hinders electron tunneling and reduces the transmission of the F 1 /F 2 interface. Therefore, we can still see the oscillating phenomenon of the critical current in this structure.
Similarly, the above two roles caused by the spin-active barrier can also present in the anti-parallel SF 1 F 2 S junction. If one only considers the role of the spin-flip effect, the anti-parallel SF 1 F 2 S junction with a central spin-flip is equivalent to a homogenous SFS junction. In this case, the 0-π transition will resume. For example, at h/E F = 0.05 the inversion of the current sign takes place at k F d ≈ 10 and k F d ≈ 40 [see Fig. 6 (a) and Fig. 1 in Supplemental Material 46 ]. In other words, the junction is in π-state for k F d ≺ 10 and k F d ≻ 40, as well as it will become 0-state in the region 10 ≺ k F d ≺ 40. Moreover, the insulating property of the spin-active barrier causes a resonant tunneling of electrons. This results in the largest peaks that appear periodically in the current I 3d c . For example, if one looks at the curve for h/E F = 0.10 in Fig 6(a) , the resonance produces the peaks at k F d ≈ 10 and k F d ≈ 40, which appear in similar positions in Fig. 3(a) .
To further demonstrate the coexistence of resonant tunneling and 0-π transition, we calculated the current in the parallel SF 1 F 2 S junction with a central potential barrier. It is known that, in a uniform SFS junction, the critical current decays with increasing ferromagnetic thickness (or exchange field) and also reveals oscillations caused by the 0-π transition. If the potential barrier is introduced at the center of the ferromagnet, the amplitude of the critical current will be suppressed overall because the potential barrier reduces the transmission of the conduction electrons. Meanwhile, the resonant tunneling of the conduction electrons between F 1 and F 2 layers induces the periodic peaks in the critical current. As a result, the critical current shows singular features in Fig. 7 and Fig. 2 of the Supplemental Material 46 .
Finally, in order to illustrate the previous conjecture regarding resonant tunneling, we discuss the current in the SF 1 S junction (d 2 = 0) with the potential or spinactive barriers at the F 1 /S interface. As shown in Figs. 8  and 9 , the critical current displays damped oscillation with increasing thickness k F d 1 and/or exchange field h 1 /E F . These current oscillations can be attributed to the 0-π transition (see Figs. 3 and 4 in the Supplemental Material 46 ) but not to the periodic peaks induced by the resonant tunneling between the F 1 and F 2 layers, because the resonant tunneling cannot exist in these structures. In addition, we find that the critical current at the transition between the 0 and π states is close to zero in the SF 1 S junction with the potential barrier Z = 2 at F 1 /S interface, when the thickness k F d 1 and/or exchange field h 1 /E F take larger values. However, this current is much larger when the F 1 /S interface has a spin-active barrier P y = 2 [see Fig. 9 ]. This may be related with the im-portant contribution from the second harmonic current in the presence of spin-active interface structure 35, [47] [48] [49] .
IV. CONCLUSION
On the basis of the exact numerical solution of the Bogoliubov-de Gennes equations, we have studied the Josephson current in the SF 1 F 2 S junctions containing a potential or spin-active barrier at F 1 /F 2 interface. We show that at low temperature the potential barrier may result in large oscillations of the critical current as a function of the ferromagnetic layer thickness and exchange field even for the anti-parallel orientation of the magnetic moment in the F 1 and F 2 layers. Such behavior is related with the interference effects of the electrons wave functions and may be considered as some form of the geometrical resonance phenomena. Specifically, comparing to the normal-metal junction (h = 0 in our model), the exchange field (h > 0) can enhance the critical current for the anti-parallel configuration. In contrast, the spinactive barrier in this anti-parallel configuration leads to the 0-π transitions, which is similar to the case of uniform SFS junction. The spin-active barrier in the parallel configuration can also cause the oscillations of the critical current. The obtained results may be useful for the interpretation of the experimental data on the Josephson junctions with composite ferromagnetic barrier.
In our article, the critical current is defined by formula I 3d c = max φ |I 3d (φ)|, so one cannot see the inversion of the current sign, which corresponds to the 0-π transition.
In order to clearly show the 0-π transition, we plot the absolute value of critical current |I 3d c | and the original critical current I 3d c in the following figures. Figure 1 shows the critical current in the anti-parallel SF 1 F 2 S junction with the central spin-active barrier P y = 2. Meanwhile, in Fig. 2 we plot the critical current in the parallel SF 1 F 2 S junction with the central potential bar-rier Z = 2. From the right columns in the above two figures, we can see that the critical current I 3d c changes between negative and positive values. This feature demonstrates that the crossover between 0 and π states takes place.
In addition, we calculate the critical current in the SF 1 S junction (d 2 = 0) with potential barrier Z = 0 and spin-active barrier P y = 2 at F 1 /S interface. Corresponding results are illustrated in Figs. 3 and 4 , respectively. The 0-π transition can also be seen in these two cases. 
